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Two previous paper' from this lahoratory hnve repo rt ed meaSllrements of 
heat conduc tion and fOllntain preSSllre for li quid He TI flowing through narrow 
slit s (0.3/l < d < 3.3/l1 for temperature difrerences as large as 10 K . For the 
lo\\'er , yet app ree iahle. temperature difTerences t he lineal' two-lluid equa t ions 
of London and Zilse l were quant itat ive l.,· verified; integrat ion over t he tem­
perature interval '\'tIS required. The preselll paper extends the analysis of the 
measu reme nt s to st ill larger .:c.T's, for which the lineal' equat ions are no longer 
applicable. For this purpose int egrated solutions of the C;orter ·:\lelIink non · 
lineal' lherllloh.,·drodyn:trnic eqllal ions. based on t he concept of mut ual fric­
tion, are deri ved wi I h spec ia l empha~ is placed on I he assulllpt ions and restric· 
tions necessitnt ed h~ ' the model. The integra ls for heat How a nd fountain 
pressure huve hee n ~o l vcd numericall~' us ill g; a hig;h ·speed computer and the 
results are compared with the expe riment s. \rhen "inen's values of the mutunl 
friction parnmetcr , I ('l'J a re employed in the solu t iOlls. the comparison is quite 
good, except neal' the A·point; it is a lso sho\\'n t hat ot he r valllcs of "L (1' ) are 
not comput ibl e wit h the observat ions .. \n expl a na t ion in te rIllS of t he vortex 
line model is proposed for the devia t ions nea r 1'x. Desp ite t he agreement 
between the VOl'tex line theory and expNiment ob tain ed here, seve ral as yet 
unresolved difficulties are assoc i:lted wi t h Ho\\' phenomena in small slits; cer· 
tain aspects of these problems are discllssed, most notahly t he crite ria -for the 
onset o r the lI o nlirl<'ar dissiput ion effects , 

I. IXTHODlTTIOX 

Experimental studies, designed to test th l' lillPar l'qllations of motion for 
liquid H l' II under conditions of large temprrul \Ire :lnd pre;.;su rl' differencl';; ill 
nal'l'O\\' channrl" of ('an'fully (' h05l' l1 gC'omelry. bn \'{' I)e'en l'C'portC'd in two prr­
vious pnpl'rs (1, 2) (henrrfol't h d(,lIotl'd as 1 and II ). rn interpreting thl';;c me~l'" 

lll'emellt" it \\'as nel'ef'snry to int egrate the lint'ar <'quat,iolls of motioJ1 J\'er the 
temperaturC' diffen'lIcC's elH·ompa;.;sed by the l'xperiments. This approach pl'on'd 
adequutC' to explaill o\);';C'l'\'utiol1s on hoth fountai.n pre;.;;.;ul'C' and hC'at flo\\' over :t 
far widC'r rangC' of tempera ture di~Terl'nce" than ('mild be :l<'('ounted 1")1' by til<' 

• Work perform ed tinde r the auspi('es of the l ' nit etl !'tates .'\tumic Eneq,(y COllllnission _ 
t Xow at llrnokhav(' n Xalion:tl Lailol':tt ol'Y. l'pt on. L. I. , XC'w York . 
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linearized nonintegrated theory, Howc\'er, at sufficiently high heat flows ~atUl'a­

t. ion effects appea red producing significant deviation:; from the predictions of 
t he linear theory, 

In this paper \\'C :;ha l1 di::<t'us:; the relation~hip of menSUl'elllel1 t5 im'o!\'ing \'e'T 
large heat current den;;:itie:; to solutions of the Gortel'-:'IIellink (3) nonlinear 
thermohydl'Odynamil:al equat ions , The integrated nonlinear equat ions a re found 
to reduce to t he linear equat ions for sma ll hea t flO\\'s, For larger heat ('urrents 
the cakulations using Yinen's (ooD \'alues of _-1 ( '1') in t he mutual friction term 
are in good <}tUlntitati\'e agrcenrent with the obscrvations, except in t he neighbor­
hood of the A-point. Ho\\'e\'er, since the Yinen model of dissipation in H e II 
r('sulting from yortex line tu rbuleJ1f'c Ul the superfiuid as app lied to the present 
('xperimentnl arrangement predicts thc bl'eakdO\m of the equations near the 
x-point, the obselTed deyiations may be considered as quulitati\'e support for 
t he theory, 

II. DEnIL\TIU:\ OF [:,\TEG[UTED FLOW EQCATIO:'\::i 

,\, DEltIVATIOX OF 'VP AXD 'IT 

In order to obtain solutions to the thermo hydrodynamic equations of motion 
for He II which a re applieable to long narrow slits and ea pil1arie:;, we begin 
with the following t\\'o-fluid e( luations of motion , incllldu1g mutual friction!: 

Dv. (Pd) P l' F p. Dt = - P 'il + P. s'il -. sn 

p" r;;;' = -(; ),\-P - P. s'l1' + Fsn - 1/n'il X V X Vn + (:21/n + 1/')'i1('1'vn) 

where 

Dv av . ) 
- - -at + ( v· V v, Dt 

(1) 

(2) 

Here the subscripts sand n refer to the suprrfluid a nd the normal fluid, 1/n is 
t he normal fluid \' i5cosity , and 1/' is the bulk or second \' i,.;C'osit:; , The fri ct ional 
force Fsn accounts for inkraction between the sliperfillid and the normal fluid, 
The form of thi::; term \\' ill he discussed later. Postiib le ot her force;;; acting :3('pa­
rately 011 the normal fiuid and on the superfiuid are I\f'gl('ct('d in this treatment. 

I The equations of Illotion la'lVI.' heen writ tl'n in various form~. and t he correct for m for 
lar~c velocities and including il' l'ever~ih l f' Ill'OCf'~Ses is st ill contro\'er~ial. Eqllations (I) 

auti (2) ori{!:iuate frolll th(' idl'a:; of Tisza (5), Landa u (6), London (n , a nd (:ortel' and 
\[ (' lIink (3), and a rc helieved 10 se rve the prese nt purpo;;es 11'('11 t o a good tir~t :tpproxima ­
lion. The IIIore detailed treatlllent of t.he second viscos ity terllls by l\halatnikuv (8) is 
necessa ry for analyzing experiment s on Stich phcnome na as first and ~('c()nd !<ollnd; hut i,; 
I'xpe riments on foullt ain p r(':;~ure and Ia!'a t conducl ion I lac s('conti vi:'cosity pla .\·~ :t stlh, 
Ilrdiuate role and the fo ll owi ng Illore cas ily handled e'luat ions slImee. 
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In addition to the equations of motion we have con:;crvation of mass 

ap 
V· (P. VB + P" V n) + at = 0, 

and in thc counterflow cxperiments to be discu:;scd the total momentum also 
vanishes 

(3) 

where the bars denote il,-craging across the slit width. 
In steady state flo,,' local accelerations yanish so on the left side of (1) and (2) 

only the second ordcr terms remain. Adding (1) and (2 ) we get 

P. (vs·\)v. + Pn(Vn,V)Vn = -\P - 1/,'\ X (V X vo) 

+ (21/n + 1/') \(v ·vo ). 

(4) 

The heat currcnt density q (watts/ cm2
) is tarricd by the normal fluid such that 

q = psTvn = vnf3- 1 (5) 

where {3 == (psT) -I. Since heat is assumed to be consen'ed, \'. q = 0 and 

V,vn = {3,\,.q + q.\{3 = q . \'{3. (6) 

Using the ,"ector identity 

V X (V X v) = \(\ ·v) - V2v 

the t.erms in ( .. 0 im"oh-ing visco ity may be sin1plified to give 

vp = 1/n\2({3q) + C17n + 1/')V(q-\{3) - P.(v. -V)v. - Pn(Vn'V)Vn , (7) 

To solve this equation we now make some as::;umptions which will later be 
shown to be yalid for long narrmy slits. Take the z axi, along the length of the 
slit, and the .1' axis aero::;::; the slit. l..7nit \ "('don; ill th(':;e directions are ez and er • 

\Ve assume that 

q = q(x)e. and T = T(z) (8) 

thereby implyillg that f3 = (3 (z) and 1/n = 1/0 (z). We further assume that the 
:;ccolld order tcrm,.; 011 the right of (7) ar(' ,;mall c'ompar('d to the other term::;. 
Gsing th('s(' :1!<,,;uI1lptions (7) I1l:1.y be separatcd int.o .r and z components to give2 

ap 
az (9) 

: )108t of the followillK I'qllat ions in which t he heat (,lInent ul'nsity appears are not 
vector eqllatioll~. :\('\"ertllt'lp~~ . for convenil'u('e we contiulle to use the boldface notation 
q for thill IJII:lntir~-_ 
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vl1fJ- t (5) 

to bc conserved, \"' q. = 0 and 
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(10) 

Equation (9) may be soh"ed if we assume that the second term on the right is 
small, i.e, 

(11 ) 

(Justification for this assumption will be gi,"cn later.) Subject to the condition 
q = 0 at t.he slit boundarie::.: ±d/ '2, the solution for q is 

= ~ - (1 _ -!X2) q 2 q d2 ' (12) 

Then the pressure gradient becomes 

a_p_ = _127111 q 
psl'd2 

(13) az 
This last equation is the ha;;is of thr so-called Allen-Hcekie rule, which specifies 
that in the limit of small .:::..1"::.: the fountain pr('St;ure Pc and thc heat current 
density are proportional and that this relationship i~ independent of the form 
of F.II , Since the right hand :;ide of (1:3) is strongly temperature dependent, 
for larger temperatlll'e differen('es this equation must be integrated to gi,'e 

P P j Tl 1271n q dz r 

~ z = c = - To ps1'd2 dT dT. (I-! ) 

In order to obtain the r('lutionship het\\"('en Pc and q for large t('mpemture dif­
fcrenccs it i., therefore neeessary to obtain an expression for dT dz as a function 
of the t-emp('rature along th(' length of the slit, Since the temperat.ure grudi('nt 
along the lit do('.,; dep(')ld upon F," , as ,,-ill he SCen bclo\I-, it is obvious that the 
fp\ationship brtlY('en Pi and q must for large temperature clifferelwes also de­
pend upon Fsn ' 

\\" e now wish to finel an expre:;sion for the tempemture gradient. To do so we 
must postulate a parti<'lllar form fol' the frictional f01"<:e F," . "'e shall ('OI1('('n­
trate onr attention upon till' (;orteI"-·:\[('llink type of force, ,,-hich "'r "hall write 
in the "'light l~' generalizrcl form 

F sn (v. - vn) = .·lp_.PIl ( I V, - Vn I - vc ) ",-I (v. - vn ) Iv. - VII I > Vc 
(1;» 

I V. - Vn i < Vc ' =0 

IIere .-1 is the (t('mpf'raturc deprndcllt) (;ort('!' ·:\[dlink ('oeffi("i('nt. v,. I;; :t 

(possibly temp('ratur(' d('prntirltt) ('ritintl ,'('lo('ity. and III ha~ III \"~lI'!(lliS rx -
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periments been found to lie in the range :3--1. The frictional term acts only 
when the rdatiye "elocity I v, - Vn I ex('eec\:-; Vc · 

The boundary condition applied to tht' normal fluid in obtaining (12) re­
quired that the tangential component of the normnl fluid "clocity \,t1TIish at the 
slit \\'all~, Since the superfluid component is c'on:;id£'red to po::;sess no viscosity no 
simihr boundary condition applies and Oil£' must re;;ort to other arguments to 
determine the :;uperftuid \'Clocity profile, .-\ :,utticiellt condition for this profile 
to be determined i::; that there exi"t an a rbitrarily small fon'e, a function of 
Iv. - Vn ,acting between tht' superflu id and the normal fluid. The form of the 
force is immaterial. Then from (1), a:;suming a nonn1.nishing force and neglect­
ing as before the terms on the left, \nO' hm'e 

·F,n(v. - vn ) = p,s\T - (p, p)V'P. 

Equation (IG) may then be soh'eel for v. - Vn in the form 

v. - V n = )'(1', P ) , 

(16) 

(17) 

We now an'rage ae-ross the slit , making; us£' of the £'arlier assumptions (justified 
in SE:'ction II , B ) that T and P uhdergo negligible \'ariation across the slit. 

v. - V n = _d1 1d12 
(v. - vn ) (Lr = !, 1<i 1

2),( T, P) d.r = f(1', P). (18) 
-d/2 C -d ~ 

Therefore \\'c conclude t hat 

v. - V n = V. - vn ' (19) 

ThE:' normal fluid nlocit,y profile is giwn (from O:?) using q = fJ-1 vn ) by 

Vn = ~ vn (1 - ~;~~) (20) 

and hence from (:3 ) the supC'rfluiel \'(,\ocit~' profile i,;: 

- [3 ( -l.r~) P ] V. = V n - 1 - -~ - -:2 . d~ P. 

and the' Hlperfiuid "eloeity at the slit. \\'all" i" 

(v. )","11 = - (p pJ vn' 

(21) 

(22 ) 
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The superfluid Am\' is rot.ational, thf' ('url of the ,,('\ocity being gi\'e l1 by II 

V' Xv. = (12.1" d~ ) vn ey. (23) 

The l-irculation \'ector i" along th£' Y :L'\i" ancl t he eirl'ulatioll is :l maximum at 

the "lit wall", 
At low wloeitic:; it i. .. not d£':lr \\'lwther :l fril'!ion:t1 forc'(' ex i"t:-; bet\\'C'ell the 
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1101'111:11 and superA uid . .A foree of the form (15) vtlllish('s for suffi ci('n t ly small 
\"clociti('s, and for these 10'" \'cloe ities further discussion of the s nperfiuid \"(>Ioe­
ity profi le L" requir('d. Since the :-,uprrfluid probahly flows en tirely ,,"it hout dis­
"ipation the most likcly How patte rn is one without eirGui::ttion. This would mean 
tha t th(' n>locity is constant across the slit. However, t here is no experimental 
f"'idence supporting this iden, and as we ha \Te j list t'hOlnl eycn a ntnishingly 
"mall foree is suificient to produce the profile of (21). The situation is analogous 
I() that which occurs in the flow of fluids about airfoils. The solution for the case 
of yanishingl~' small \'iscosity is C[ualitatinly difTerent from that obtained when 
the "iscosity \'aJli~hes ideutica ll:-·. For iciellticall:-, 7.ero viscosity circulation can­
not be established and zero lift is obtained. For vanishingly small \'iscosit:-, the 
KuUa boundary condition on the flo,,' applies, and rlassical lift occurs. It has 
been shown that for the flOlY of pUl'e superfluid He II about an airfoil the lift 
vanishes at low veloeities (9), and that therefore in subcritical s uperfiuid fl ow 
the yiscosity is identieall." zero. It seems pl"Obably that a similar sit uation ob­
tains in the present ca. e and that at sufficiently low relatiye velocities the fric­
tional force should Y:lni"h identically , the superfluid flo,,' being then truly irro­
t:.tt ional. It is of i11tere:t to not e that, could th(' superfluid velocity profile be 
measured in a slit at lo\\" yelocities, one might determine uneq uh·oeall.v, purely 
from the qualitat.ive eharneter of the flow, whether this is ind eed the ease. 

The z component of (lG) is ginn by 

(24) 

LSing (19) to repluee (v. -- vn ) by v. -- Vn and eOlwerting velocity into heat 
current density \\'it,h (:3) and (;j) we obtain from (1:3) and (2-1:) with ilL = :3 

where 

and 

aT 
az 

(q -- qc) o 

A 

q < qc, 

( ps)2T 

121)n 

A(p,, ! p) 
ex = I') ( / )3s2'1'~' -1)" Ps. p . 

(25) 

For all hut the t'mnl\rst trmprrnt ure difr('renre~ 0;-)) must b(' int('gmted to ob­
t~ ill q :IS a fUlldioll of ~T betwl'l'n the slit end:;. Whrll this is clone we have 
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which when rea rranged gives 

_ i fT' .\d'l' 
q = -L I + d"( - )') . 7'0 a - q - qc -

(26) 

Equation (25) pro\'ides the relationship for the \':ll'iation of the temperature 
gradient along the slit length und may be substituted into (1-1) to yield 

f T' psdT 
P r = To 1 + acP(q - qcf' 

(27) 

Equations (26) und (27) \\'ill be used to obtain comparisons \\'it.h the experi­

mental results of I und II. 
lt is to be noted that (26) und (27) may be eusil~' altered in order to arrive 

at solutions for hent flo\\' and fountain pressure in circular capillaries. For a 
capillary of radius r and length D, dZ is merely replaced by 3r~/2. 

B. NEGLECTED TEmlS 

We show first that the approxinlation of (11) is a good one. \\"e im'estigate 

R _ fJ-I(ifJ/ di) 
I - [7]n / (27]" + 7]')]q- l(rtq d.r~) 

(28) 

lhc ,,' 
, .. 

'c ', 
f ' l lI 

I ' 

r I" 
!.·1 

,,' 
, I.. 

11 1:1 

and sho\\' that HI « 1. In the tempC'rature range of intere:;t (1.15° < T < 
2,15°K), s/ sx"-' Pn/ P r--.J (T/1'>,)" where n r--.J ;').6. Let T / T).. = rand fJ}.. = I' d 

(psS\) -I, Then \\ " 

= (n + l)fJ).. (q + ad~q3)[(3n + :3)q + ad~q3(-l1l + .i - 2(' - -In(')] 
a 4.\ ~T~~t ( "+3) 

since from (2;»), nC'gle(·ting qc for simplieit.y 

dt 1 _ ~_ 3 
dz = - d~.\1\. (q + ad q ) 

and 

_ (2n + 1) (dt)~ + a~.3 ('I + 2 - :zrz - -lilt") tit , 
f dz .\1).. ' reI - f n) dt 

(29) 

(30) 

\1 

(31) 

( ''') .)-
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F/'Om (12) and (1:3) \Ye obtain the other reC]uired coefficient: 

d2q 12q 
dx2 = - (j2' (33) 

Th(' \\'ork of Ehalatniko\' (8) has indicated that. the hulk \'iscosity may be of 
the order of ten t·imp' the ordinary viscosity, so ill estimating an upper limit on 
HI \\'e consider the "iscosity term to be 712. Also, the maximum \'a lue of q is 
3:A Substituting (:30) and (3:1) into (28) we obtain an expression for RI in 
terms of knO\\,11 or calculable quantities. For d = 2J..L and the maximum q's 
f'ncountered in these experiments, Table I presents the maximum \'alue at­
tained by RI at se\'eral temperatures, from \\'hich it is seen that in the"e experi­
ments RI « 1. 

The ratio of the pressllre gradients R" across the slit to those a long it may be 
fonnd from (9) and (10), neglecting the small se('ollcl term in (9). 

R = aPl a.t = (7] /1 + 7]1) (dq/ d.r)(d[3 dz) (3-1) 
P at> / az 7] " [3(cPq/ d.r2

) 

Estimates of the maximum "alues of R I) are also gin'n in Table I and indica te 
that except for the largest heat flows in the yicinity of the A-point the pressure 
gradient acro~s the ~lit i~ negligible compared to that a long the slit . By \'irtue 
of the relation (16) heh\'een '\P and "T the same statement may be made for 
the temperature gradient, indicating the extent of yalidity for the assumption 
made in (8) that T is a function of z alone. 

The second order terms in (1) and (2) may be sho\Yn to be small in t he ~ame 
\Yay. We arc ('oncerned with gradients of the energ~' in the z direction. In (2) 
we compare the z component of the left hand side \\'ith the z component of '\P : 

RE = p"la(Yn
2
/ 2) l az] p(dl dz)( li r/ ) (35) 

(Pn / p)ap I az (2-17]n q)/ (psTd2) • 

, 'inee 

{32 = {3J..2t-2(n +ll, 

RE '" (n + 1) p{33q~ (1 + a d~{() . 
(:36) 

TAT3LI£ I 

~r.o\.XI~ILY YALl'E>' OF TilE HATIO!' H, . R,• , ANI) H E C'OHHt>I'O:-';OI:-';G TO TilE ~[AXD!\ ' ~I 

H EAT Cl'ltRl>XT lh; :-';"ITY q", .. AT ~E '·EIUI. TE~II'EI{AT( ' HE~ FOH ~I.IT J (d = :2 ,, ), 
'1'0 = 1.I °K 

.\ (wattl a q (wattl 
T(°K) em3 - deg) (cm'/ watt2) em') R, R

" 
RE 

1.2 3 X 10" 1l.9 X 10' 10- 1 <10- ' -l X 10- ' lO- s 

1.8 7.3 X 10' 5.2 X 10' 10 < 10-' -l X 10- 3 !l X 10- 3 

2.15 3.5 X \0' a.3 X 107 15 <10- ' <10- ' a X 10- ' 
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Using the experimental ntllles of q lll:lX \\'e find values of RE gi\'en in Tablc I 
which indicate that it is reaf;onable to neglect thc :;;econd ordcr terms in thc cal­
cula t ioll::> of heat f10\\' and fountain pressure. 

In obtaining (6) und (2;») two [If;<;umptions l'oncerning the fl o\\" of hcat han 
bccn mude. The nr5t is that ('onduetion of heat by the o rdilla r~' diITusi\'e mecha­
nism is small compa red to the conduction b~' the cOlln tE' rA o\\' meehanism. That 
this is so may be easily verified by eonsidering the results of Zillovieva (10) 
for the ordinary heat condllcti\'ity coeHicient; when t hcse are applied to the 
experim('\ltul conditions of I and II the a moun t of heat carried by the normal 
difl'usi\-e process is found to be se \'eral orders of magnitude :;;ma ller t han that 
transported by the convection process, e,'en at the iarge5t j,T's. 

The second a~ sumption \\'e ha \'c madE' i: t hat the kinet ic enprgy associated 
with the Ao\\' is :;;ma ll compared to t he heat flo\\' h~' internal conn'ction. The 
beat introduced b~' the heater at the hot end of the slit \\'ill be conveyed as 
kinet ic energy of flo\\' as well as by normal fluid convection. The total heu t 
supplied by the heater thpn becomes 

(37) 

Making use of the vanishing of moment-um and defining q i (z) a;; the heat Ctll'­

rent due to internal conve(·tion at any poin t z in the lit , i.e., qi (z) = psTvn , 

we ha \'e 

The s('('ond term in this expre;;:5ion is small for tel1lppratures above 1.1°K and 
for the heat currents employed in the expNimcnb under discussion, except in 
the region ,'ery close to the A-point .. -\.t 1.:2°K the maximum "alue of this term 
is of the orciN _10-6; ut abollt Ul7°K when' P< = Pn it is of ('oursr zero ; a ml 
even at 2.1°I( it is no morc than 10-

4
• Thus kinrtic energy terms cannot appre­

ciably alter the IW:lt flo\\' through t he clits , 
The linal point to he c1i;.;<'us:"ecl ill this sec tion is the influence upon thc hrat 

flow of the heat genera teo by "isco w-; fOl'('es through ~hear .. \('cording to the two 
fluid model the normal fluid \)rh:1\'C':" as a tntl~' f'la;';:5ical fluid wit h a elas~i('al 

viscosity. The' h e~lt ge'llcra ted prr unit \'olul1lC' per se('ond by ;.;hear ma~' be ex­
pressed lI:;ing the H.a,~·l('igh dis;;ipdion fUJl(,tion cf> in the form w;ed by Londoll 
(2{)) 

<I' = :;1 L (al'~ + aVI,lk)2 + 1/' ('\ . vIY. 
- ik a.l·k a.t i 

(39) 

rsin~ tllP approximatiolls :tllll assumptioll:' mnclC' pre"iollsly, the' dominallt 
term is 1/n(al'n: a.r)~. \\,ith (:?O) a nd (r) ) Eq. (:{\)) oe('ollles llpOIl a\'era~illg aero,,:, 

:a III 

, , '" 
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:nd yaille: of HE gin:-n in Table I 
. the serond ortler term:; in the ra,l-

:ure. 
J 5 com'erning the flo\\- of heat OO\"e 
_r.lt by the ordillary difl'usiye m('('ha­
fly the COlUlterflO\y meehani:;m. '{hat 
if-ring the results of ZUlo\-ieva V O) 
'em: when these arc applied to the 
::!(,UDt of heat carried by the nonnal 
:Ifr., of magnitude l;maller than that 
-n at the largest :11"8. 
i" that the kinetic energy associated 
at flow by illternnl conn'etion. The 
end of the slit will be conveyed as 
.. j fluid com-ection. The total heat 

(37) 

:.l :md defining qi(Z) as the heat wr­
; ,r z ill the slit, i.e., qi (z) = psTvn , 

d (1h(::)2]. 
~T) ps1 

(38) 

1; ior temperatures above 1.1°K and 
-riments uuder discu 'sion, exeep,t in 

_ ' I\: the maximum yalue of this term 

I 
i 
{ 

> re p, = Pn it is of course zero; and t 
'" kinetie energy terms cannot appre- • 
'::3 . 

. ' lion i- the influence upon the heat 
• chrough shear. :\c("ording to tile t\\"o 
, -ruly cla,.;sieal Ouid \\"ith a c1:l!!.-icul 
.::ne per srcond by shear may he ex­
·.·~ioll <f> in the form used by London 

-y + '1/(~'VIY' (39) 

) :1.:' made pre\-iously, the dominant 
l. ,:~H ) beeomes upon uycragillg 3t ro:<s 
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the slit: 

(40) 

The total amount of heat. getwrated in the slit per second through the action 
(If viscous forces may be found by integrating thi,.; expre::;sion onr the volume of 
the slit : 

04> = - J <I> dF 1
d 1tc 1L q2 . . __ 'W fT q2 dz , 

- l' d·) dx dy d" - -d -T ./T d1 o 0 0 A - T O .\ ( 

fTl elT 
= - u:dq T O T(l + exd~q2) 

(41) 

Fsing (25) and assuming in the fir;:;t approxunntion that the heat generated 
docs not appreciably perturb the temperature gradient in the slit. 

In the lo\\"er temperature range \\"e may neglect ex d2q2 compared \\"ith unity 
aJld Eq. (·n) becomes 

(-11a) 

Clearly this term is comparable ill magnitude \yith the total heat Q = 'W dq 
and it would at first sight appear that dissipnti\-e processes might appreciably 
affect the o\'er-a11 heat transport for a given temperature difference. 'Ye shall 
now show that this is not the case, and that in fact the Ibyleigh term is respon­
~ible for normal fluid generation resulting in the increase in the normal fluid flux 
bet.ween the hot and the cold ends of the slit. 

The average normal fluid flux entering the slit at the hot end of the slit i" 
N1 = (PnVn)I gm /cm

2
-sec and that leaving the cold end is No = (Pnvnhgm/ cm2-

::;ec_ The change in flux is then AN = (PnVn ) I - (Pnvn) O gm t"cm2-sec and we 
assert that. this dilferpl1ce arise'S from the generation of normal fluid within the 
::;Iit by viscous forces. The efleet of normal fluid generation in the slit may be 
included in the equation of continuity in the manner "ugge:;ted by Zilscl (;30): 

ap" at + \·p"v" = r (-12) 

whPre r (gm . ('md-sec ) repre:=;enf:-; the generation t('rm for normal fluid (there is 
of cour:;e an equal sink t('rm for ;;u])rrfluid ) . In "trad.\' state flow the time derinl­
tive vanishes, and the total t'il<lnge in normal fluid flllX may b(' found by int('­
gmting (·t2) throul!:hout tlw "lit \·olume. Tlw h('at required to ).';ener:1t(' l' i,.; 
I'.sxT (the lambda point entropy 8k (')lter,; be('uuse r r('fers to gPllCl":1t.iOll of 1,01" 

mal fluid alone rath('r than flllid of uen:;ity P" , and the approximation p" P = 

g ' 8k , yalid in the temprratur(' rang(' of int('re"t, i" tl:,('tI ) . ::\(').';I(,(·tinl!: for tlw 
moment di.:;:;ipation :1ri..;ing in th(' Gorter-:\l('llink term we identify thi:; heat 
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with <I> and obtain using (-10) 

r 12(Pn/ P)Vn
2
1/n 

sTd2 
(-13) 

Upon integrating r along t.he length of t he slit, the total normal fluid flux change 
within the slit is found: 

(-1-1: ) 
= _~ JT. dT = ~ (~ 1 ) 

SA To 1'2 SA TJ - To . 

However, at any t.emperature T , q = psTv" , so that (-1-1 ) may be \Hitten 

JT. r dz = (pSTTVn) - (pS T'1~n) = ( Pn Vn)l - (Pn vn) o = 6.N, 
TO SA 1 SA 0 

( -t.) ) 

the change in normal fluid flux pel' unit area O\'er the length of the slit . 
The role of r in the two fluid equa tions of motion has been discussed b,' Zilsel 

(80) , and we may readily show using his equa tions tha t the per t urbat ion in, 
troduced by the dis:;ipation term is exeeedingly sma ll. Thus t he R ayleigh dis­
sipat ion t erm does not contribute to the heat flux (where its effect would be 
appreciable) but rat her the dissipat ion present generates normal fluid \yithout 
appreciably influencing t he overall heat transport or temperature gradient. 

The term a nalogous to t he Ray leigh t erm for the Oorter-':'lellink force is 

<l>G~1 = .4.p.Pn( ! V. - vo ! - vc)2 (V. - Vn )2. (-1:6 ) 

When this t erm is added to the Rayleigh term the total change in momentum 
flux can be caJtuJat ecl in a manner simiInr to that u;::ed in Eq. (4-1: ) . The onl~' 

change introduced occurs in the expression for dT/ dz for which EfJ.. (2;j ) is 
used. The fina l result (4;») is uncha nged , for the terms invol"ing the Oorter­
~Icllink eoeffi cirnt .-l drop out. It is likely that there is no dissipa tion associated 
with the Gorter-':'lellink term (31). 

III. :,\DlEH IC:\L SOLD'IO:\ OF F Lo\Y EQC\'TIO:'\S 

To soh'e the nonlinear integral ('quation (:26 ) usc i:; madC' of the fa e- t. that. for 
gi\-en 1'0 and 7\ t l\{' H\'cragr heat ('\I1Tr 11 t, d (,ll:;it~, q through thc s lit h; a con::; tant. 
Thcrdol'(, with a fixr d To chosen as \I'cll a:; a pa rti('ular \'alul' for q Eq . (2u ) 
L'5 integrated llul11('ri (· ;tlly out to ;::uch a 1\ that equa lity is obtaillrd. The heat 
current q is thr n illnra,;rd by a sma ll incl'el1H'l1 t, and a ne\\' (la rgf'r ) "nlur for 
TI computrd . Thi" prof'pdlll'c j,; r<'I1l'utpcl until 7\ rpac- hp" 1\. Thu;; the entire 
q, 1'1 ('urn' is ohta inpd, :\ I1(,W ntlu(' for Tu is th{,l1 ,,(']Pct cd and th r {'ntire pro('('"" 
rpppated . III thi" way th(' family oi hpat fl ow (' uryes is gellNatrd. 



(-13) 

· [ji, he total normal fluid flLL\": change 

(-!-I: ) 
- ( ' I dT - (1 1 ) -~ L - = ~ - --
S, -r. P SA TI To' 

T., 50 that (H) may be written 

:?.l )wr the length of the slit. 
,· i 1I.00 ion has been discu sed by Zilsel 
, ftf13tion" that the perturbation in· 
,b~y 5n1aL\, Thus the Rayleigh dis· 
0:3(, Bux (where its effect would be 

~-'-,;?!lt generates normal fluid without 
~r~port or temperature gradient. 
fn ior the Gort('r·~Iellink force is 

(-1:6) 

I ~:r:n tbe total change in momentum 
.:: ' 0 tlut used in Eq. (H). The onl:' 

\J. ior ciT dz for which Eq. (2;») is 
. :,y:- he term:; un'oh;ng the Gorter· • 
' i:st there is no dissipation as~ociatecl 

. ,If FLOW EQL-\TIO~:-; 

:. :..'ti u~e is made of the fuet that for 
'''':''lty q through t he ~lit is a COll"tant. 
. :.- a particular \"alue for q Eq. CW ) 
:-, t~1t t'tlll:l!ity is obtained. ThC' hC'lI t 
':7~ent. and a nC'w (IargC'r ) \"ahll' for 
:..:l: il Tl rt'3chC'" Tx . Thu::; the C'ntirC' 

, j.: :hen splected and the C'ntirC' prr)('C',.:" 
i il'\\' l'un'~ is gC'neratC'd. 

f 
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Once q i..;; determined as abo\'e, the 'olution may be used directly in the nu· 
merical integration of Eq. (:27) for the fountain pre"sure Pc. To obtain Pc 
in mm Hg, (:21) is multipliC'd by the factor ,.')00 when the follo\\'ing units arc 
l\:~ed: p (gm cm3

), s(joulei gm·dC'g), .\ (watt / cmJ.deg), and a(cm~/wate). 
'\"e ha\'e integrated (26) and (:27) on an IB~I ,0-1: ('alculator for the three 

slits cUs{'ussed Ul I and II. The following input data were used in addition to 
the dirncn"ional \'alues of the slits : TJn (T ) was determinC'd from the low power 
heat conduction measurements (,;;ee Fig. 6 of I ) ; "alues of s were taken from the 
tables of \'an Dij k and Durieux (J 1) ; belo\\' 1. , OK Pnl P \\"us obtained from second 
sound (It) data and the thermodynamic calculations of Bendt et al. (13 )­
which are in good agreement up to 1.7°1\:-\\·hereas abO\'e l.7°K pul p was de· 
termined a" a smoothed a\'erage of thf'se h\"o sets of data plus those of Dash 
and Taylor (14). 

Yalues of the total heat flow Q (rather than q) were computed as well as 
the fountain pressure Pc. In order to compare the computed vailles of Q with 
the experimentally measurf'd hcat f10\\' it is necessary to include the hC'at flow 
through the stainless steel of which the slit is construeted. At low heat flows 
where the nonlinenr Gorter·:\lellillk term is unimportant, flo\\" of heat across 
the boundary between the helium and the , tainle~s steel does not affect the total 
heat eonducti"ity since the flo\\' equa tions are linear and additivity of the two 
;;olutions is rigorously correct (as discussed in I ) . At higher heat currents where 
the nonlinear terms in the heat conduction equation arc important additivity 
is certainly not correct. The solution to the sinlUltar~eous equations becomes 
exceedingly complieated en' l1 in 101\'e1' approximation!:'. However, looking at 
the solutions to the two equations separately (nsslmling a perfectly insulating 
wall ) we find that in the region \\'here the nonlulear term for the Aow in helium 
i:'5 large the contribution from the flo\\' in the stainless steel is small. There is 
therefore probahl~' very lit,tle errol" in using additivity even in this range, for 
the stainle:.:s steel slit cannot perturb the temperature gradient in the helium 
\"Cry much. 

Computed ,'allies of the fountain pl'eSSlIre and the heat flO\\' inc:luding the 
stainless steel contribution \\"C'I'C' pl'csented in printed tabular form and also on 
punehed ('ard~ .. -\n tlutomati(' point plotter was thell \I. ed to prf'sent the cal· 
('lIlations in graphical form for ('()Illparison \rit h experiment. 

1\'. CmlPAHI"'U~ OF E:\I'EHL\IE~T .\L HE~l'LT~ WITH C:\LCL L.\T[O~:--; 

"Csing the results of :-lel,tion" II :lIlci III it is po;;!:'ible to extC'lId beyond the 
linear region the rompari":oll of thC' expcrimmtal result,; oi>tainC'd in papers I 
:lnd U with thf'oreti('ul ('ait-ulat.ion,.: . Th(' oi>jC'ct;; of :->ul'h n comparison arc fir,.:t 
to aH'ertain whcther the data arC' ('upable of distin~uishin); hc,t\\"('C'n :.<e\"('ral 
tll!'ones: theil, if so, to dC'tpl'millc ",hic·h thC'ory best Hts tlw duta; and Hnull? to 

i 
f 

. i 
! 
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FIG. !. Comparisoll of experimenta l heat flo\\" curves \\' ith calculations based on several 
thcories llsing Eq. (15 ) and (2!i); d = 3.3() /." a- To = 1.2°I\:; b - T . = l.ioK; c- T " = 

2.I01\:. Curves :l- linpur theory (a d'ei' = 0); curves b- m = 3, Vc = O. A = 50 cm-8(,C 
gm; curves C-II/ = 4, v, = 0, A. = 50 cm-sec/ gm; curves d-III = 3. V o = O .. 1 as giveLl b~' 
Vinen (4); curves e- III = 3, Vc as given by Dash (16), .-l as given by YinPIl; ----experi ­

mental curves (J ) . 

seck plausible explanations for those· instances " 'here the "best" theory deyiat r;; 

from the obs('rnltions. 
Examples of the type of tht'ories im'etitigated ill . the present work and com­

parison with some experimentally detrTmined heat flow:,; are shO\m in Fig. 1, 
",here all eUlTeti and points rcfrr to Slit III' (width = :3,:30 Il, breadth = 1 em 
and length = 1.9 cm). \\'e recall that the experimental ClUTe,; arr ohtained h~' 
st.arting \"ith the told reseryoir in contact with the He bath at ,;ome fixed refrr , 
cnee temperature, To, and tl1('ll adding slIc('es,;i\'c increments of power Q to 
the thermall:--" i"ol:1ted reselToir, mea,;uring at e~1('h s tep the equilibrium tem­
pem,ture 1'1 attainrd by the btter re8(' I'\'oir. A heat, flo\\" ('urn' i~ obtained thell 
for gi"rn T" (() = 0) [1'; the variation of 1\ \dt.h Q. Con~idering first the re:"uit :­
for 1'0 = 1.:2°K, Fig. la, it is dear that for 1'1 > LiCE: the rxprrimrnral point " 
dC'\"iate marketl l~' from thc prcdid.ions of the linenr theor~" ('tIrH' [1 ) and thaI 
larg;c COlTrdioll term,.; arr I1r('p,.;,.; . .try to de,.;nihr tl1(' o\):-:eryc·d c!Teets. The (;ort('r­
l\fellink fOI'( 'r trnn (EC1. (l3i) ) has her II used in n \'n ricty of form,; in attempt:, 1(1 

dr:-:eribe thr departurc from linr·arit.~,. Th(' simple:-:t and oftrl1 lI!'rc\ form tnkr:­
III = :1, Vc = 0, alld .-\ = ;)0 (,IlHice l gm (('Olltit:ll1t \yitl! temprrature ) , altholl~h 
somc e:q)('riments (e.g, ,.;ee (15)) ha\"C illdi{,;ltl'd that. a hetter fit might. he ob· 
tained by taking III = 4. Curn's band l' represent ,;ul'h {'nleuiatioJl';; ('It\'\·p h 
with 11/ = ;{ is f'rell lo be uuiformly too hi).!;h; ;llld l'UlT€' {' \\' ith 1/1 = 4 i,.; ulli ­

formly too lo\\" . .-\ number uf l'xprrim<'l1t:-: h:l\'c ;ql~i!;e::;tl'd that. .. \ might or tl'1I1 ' 
pent t.\II'e dependrTl t and p{),;,.;ihl~' wlo(·it.y depe11(!t'n t·. TIl(' fir,.;t pn'\' i,.;e llH'a,.;\I n '-

-
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r·lrves with cnlculatiolls hased on sen'raJ 
.-To = 1.2"I';:; b- T o = 1.7°K ; c- T. = 
ryes b--m = 3, Vo = O. A = 50 cm~c/ 

: curve. d-m = 3, Vo = 0, .-l as g;iven b~­
L 116), A as given by Yinen; ----ex-peri-

r:r" where the " best" theory dcyi!lte;: 

gated in the prrsent work and rom­
ned heat flo\\"s arc sho\\"11 in Fig. 1, 
, (width = 3,:36 Il, breadth = 1 I'm, 
experim('ntal CUlye::i arc obtained by 
,\'ith the He bath at 'ome fi xrd refer­
u("ces iye increments of po\\'er Q to 
g at eac'h _tep the equilibrium tem ­
~ . .-\. heat. Ao\\' rllf\'e is obta in rd the1l 
with Q. Considrrillg first the result ;: 
TJ > 1.,oK the experimental point" 
he linear th('ory (C lIl'\'(' a ) and thnt 
ibe the oh"rf\'rr\ rfT<'cts. Thr COl'tN-

leI in a y:uir ty of form:; in att('mpt,,; to 
simplr:,t and oftrn u,.:rd form take" 

on:<tant with ternprrature), although 
ieutrd that a l)('ttN fit mi~ht be oh ­
rf'pr('sent sueh ('akul:ttion,,;: ('un'r h 
'gh; and eun'r (' \\"ilh III = -l i", 1I11i­
aYe sl1~g("Sted that ;1 might 1)(' t('m-
epmdrnt.. Th(' fir,,;t prcl'i,.:c nll'a"ure-
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JlIent,.: yielding yaluc,.: of A y:-; l' a rr those of Yinc-n (4) . The parameter .-l was 
found to he a fUllct ion of trmperature anel independent of channel size for the 
l:trge channels used (~ma lle:' t dimellsion~ of the 9rclrr of a millimeter) . :;\0 "eloc­
ily dependpnce \\'as found . The heat flo\\' measurements indicated that 111 ::::hould 
he exactly 3, wherra:, the ef[('('t of Vo \\'as found for Yinen's system to be unim­
pOl'tant in thc equa t ions, In FiO". In, Clll'VC d, obtained using Vinen's \'alues for 
:l er), III = 3 and Vo = 0, 8ho\\'s quantitat iYe agrerll1ent with the expcrimental 
data. Calculations u,.:il1g (26) a nd (27 ) \\'ith Vc rf 0 have been made according 
to a model in \\'hich Vo i::; determined at eneh position z a long the slit by n loc-a l 
,.:uperfiuid critical \"('locity Vs .c at the \mll. By virtue of the equality of v. - Vn 

and Ys - Yn (Eq, (19» we haxe (v •. c) ",:d l = Ys - Yn = q c/ PssT. Thus the 
"ame relation betwrpn qo and the critical velocity obtains for a critieal super­
fluid wloeity at the \\"all as for a situation in which the eritieal velocity oc('ur::; 
ill Y. - Yn • We han performed caluiations for a ,-aria tion in superAuid " elor ity 
\\'ith slit width and t emperature suggested by Dash (16): Vo = 0.09 (Ps d ip) -12 

I'm I sec ,,,hen d is gi"en in em. CUITe e in Fig. 1a represents these calculations, 
which arc seen to lie significant ly higher than the experimental rcsults . 

Figures 1b and lc sho\\' tIl{' same comparisons as discussed abo\"e for To = 
1. , OK and 2.1 OK re~peet inly .. -\.t the former temperatme the graph "bo\\"::; again 
t hat cun'c d best repre::;ents the cxperiments, \\·here<1s at 2,l °K none of the theo­
rirs appears adequatr. Po::'sible reasons for deviations at tempcra.ture~ near the 
X-point \\' ill be discu;;;:,ed later. 

.-\nother u:eful \\'a~' of testing the ntrious modcls used in the caleulations is 
to compare their abilitip::; to prediet the lin1it ing heat. flows at the X-point. Figure 
:? illustrates the ratio of calculated to observed asymptotic heat currents for the 
\'arious theories for the :3.:~G Il "Iit. Hrre again it is demonstrated that "inen ':::: 
. l (1') with no eritienl yf'loeity pro\"ide ' the best agreement, rxccpt. for To near 
7\ .. Since eaeh point on each ('lUTe i~ determined by an entire integration it i" 
lIot possible to sec from this graph alone how agrC'cmcni might be impron' c1 , 
HowC'n>r, it may be sho\\' n that no ~illgle nduc of A eun adC'quatcly dr:,:erihe the 
flo\\' for all nllue::; of Til near the A-poin t. Equivalently, this means that in thi" 
tempf' rature range .-l depends upon the heat current pre~ent, and that ..t l1lll:::t 
he ('onsidered to becoJ1w at hi~h tcmperaturcs a fUllction of vcloeity a:::: \\'ell as 
trmpemture, 

It would he ck,.:irablf' to be able to c1rterminr illdrpendcntly and dirf' l'Ily 
from the ('xprrim('ntal data the \·alue,.: ; \ ('1') whid1 he,,;t fit the mC:1SUfCml'l tts 
o\'('r the entire fange. l.-n forttlllatcly the re::;ults of I and II arc 1I0t wcll f'uitrd 
for thi,,; purpo!<c, primaril~' l)l'eau5(, at thc lowcr tc'mlwmt.ure::-; th(' effc(·t of the 
(;orter-:\lellink trrm i" not large, (i.e. , ad2q~ < 1, h(,llee q is 1I0t. \'ery,,:cJ1,,;i t i,'c 
to the prl'tise ntltll' of .-l ) ; and at trmp<'rat.ltl"c$ I\ear the A point \\'hrl'e it is lar)!;l' 
, I i" likC'ly to IlP \"l' IIJ('it~- lkpendent, as dis('usH'd aboyt'. !lowrver, it. i" po~"ihl(' 
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FIG. 2. Ratio of observed asymptotic (1', = T A) power inpllt to that calculated on the 
basis of several theories us 11 function of 1'0 ; d = :3.36 IJ. . Curve a- Ill = :3 , Vc = 0, .1 ,,~ 
given by Vinen (4); curve h- IIL = 3, Vc as ~ivell by Dash (16), A as given by Yinen; cllrve 
e-m = 3, v. = 0, .-1. = 50 cm·sec/ glll; curve d- IIL = 4, v. = 0, .1 = 50 em-sec/ gm. 

to determine a fmy selpcted values of A. in the region 1.7°- 2.0°J{ for large q 
where neither of these objeetions applies . \re hu,·e not been able to soh·e the 
nonlinear integral equation (26) directly for q, but instead we have used a nlri· 
ance method pointed out to u;;;e by 01'. R. B. Lazarus. 
. We cOllsidf'r 

_ d2]T_\ 
q(i\ T) = - - - dT 

, L TO 1 + AO 
(4.4) 

,,·here 5 == a d2q2, i\ == a'/ a is a fartor rf'iuting a (determined from Vinen's 
A (T)) and a' (the new value of a to be detCl"mined from the present experi­
ments); T is a dummy variable. Holding q fixed and '·:l1·~·iJ\g i\ \ye obtain 

o d
2 
[ A (aT) ]T .\5 I ] 

= L 1 + AO ai\ q - T o (1 + XW ~ T ; 
(45) 

and holding X fixed and yurying q 

(aq ) = rJ:..~ [_.\ _]T 2A.\5 dT (aq ) ] 
aT A L 1 + AO T u q( l + Alif aT A • 

(-w) 

Combining (-l;'j) and (·Hi ) we find 

(aT) = .~ [(a~') _ (1 + ~5)LJ 
ai\ q _A aq ~ 1~ 

(-i/) 
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luting a (determin!'d from Yincn's 
lctel'minro from tlw pl'cscnt exp<'ri­

fixed and varying :>-.. we obtain 

11' .\0 d ] 
TO (1 +;>..Or T ; 

(45) 

( -W) 

(47) 
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II·here all thc quantities are to be evaluatcd at 7\ . From the experimental dat.;1 
II"l' compute (a'l'/ aqh and 'o1\'e (-.1:7 ) for (aT/ a:>-")q with A set to unity. Since 
J T = (iJT/ iJA)qJ.A, ,,·here 6.T is the temperature difference at (TI , q) between 
thl' measured cun'e and the ClllTe caleuhtcd using a (Vinen) , lye can determine 
JA and hence a' = (1 + J.A) a and nell' ,'alues of .'1. Table II lists Rome results 
of thc 'e computations ami pre:"('llts a comparil'on with "alues of .'1 as obtained 
by scyeml other ,,'orkers, For ::;lit III' and 7\ = 1.800°, 1.900°, and 2,OOO°1\:, A. 
h:l:; been given for two values of To ; in each case intermediate values of A. \yould 
he obtained from heating cUrI'es beginning at a temperature between these 1\\'0 

limits of To ' It can be seen from Table II that the experiments are rather well 
rl'presented by Yinl'n's values of A. 'i\'hereas these considerations may not be 
u"cful in any attempt to impro\'e upon Yinen's .-1 (T), it is evident from them 
that any set of A (T) that is sub:;tantially different from those given by Yinen­
l',~" as indicated by Brewer and Edwards (17) or by I\:ramers et al, (J 8 ) ­
would not be compatible \\'ith the experiments of I and II . 

From the arguments presented abo,'e and other comparisons \"ith the data 
of 1 and II we haxe concluded that of the various model we have examined, 
(':Iltulations made using Yinen's A (1'), In = 8, and Vc = 0 provide the best 
Il,'erall repre entation for the experimental data for the 3,:36 II- and 2.12 II- slits, 
The general character of the agreement may be obsernd from an examination 
of Fig, :3 and 4, where families of the heat flow curves for the :3.:36 J.I slit are pre­
,.;ented as ob en'cd and as computf'd, respectively. A more quantitative com­
parisoLl for heat flo\\' is presented in Fig, 5, where [(Qobs - Q«".) / Qob.) X 100 

TABLE II 
C\l~IPARI"'OX Ot' V,\J.l' ES OF .-l (1') OBTAI:-<ED FROM HJ::ATlNG CL' RVES FOR SLIT III' WITH 

VAI,l:ES OBTAIXED BY OTHER WORKERS 

1,700 
1,800 

1,900 

2,000 

T .(°K ) 
(This work only ) 

1.083 
1.083 
1.586 
1.083 
l,!i!J8 
1.083 
I, i!H 

Brewer and Edwards 
Slit Ill' Vinen U ) Kramers <t aI. (is) (17) 

d = 3.36 X 10-' em d = o.~ em, 0.24 em d = 0.26 em d = O.Oll em, 0.3; em 

fiO (_1)6 75 37b 110 
!)8 (li) 91 -t2 HO 
!)j (.t ) 

128 (15 ) 110 52 185 
11j (5 ) 
150 (:?O) 135 200 
111 (-1-t) 

" Xumbers in parpnthl:'~(,~ indicatt-' ('/' 01>. - 1'"lc) in Illillidf'~r('f's at (1\ ,ii). 
b .rul~ added ill pro,,!: In t lie l'roc('cdin~s flf t hr Ei/{ht hInt crItal ion:!l Conferf'Dce on LClW 

Trlllper:llure Physics (Londoll. England. Sept. ](;""2:? , l!lli2; t (t hI' publi~hcJ) Wian.la and 
I,ralllen; h.:.IVI' rrl'CI/'tcd that lIt'W III('aSlirelllcnts (If ,1(1' ) are in CilIllph·te agrcemellt with 
I h .. reslIlts t)f \'illCIl, 
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FIG. 3. Family of experimen tal heat flo\\" curves (1); d = 3.36 /l 

is plotted against To for \'arious reduced values (Tl - To) / (TA - To ) of the 
heating cun'es for both slits. (For Figs. 5 alld 6 the expel'in1enta l CUlTe were 
graphically interpolated to obtain points at e,'en yulues of the temperature. ) 
It is seen that the behavior of the t ,,'o slits is remarkably parallel and that for 
To < 1.8°l{ nowhere is t.he agreement poorer than 20% . Another way of pre­
senting the comparison is shown in li'ig. 6 ,,"here [ (Xoo• - Xca lc) / Xobs] X 100 
is plotted against (1\ - To) / (TA - To) for YariOll , 'a lues of To ; here .\ 
equals either Q or PI, bot.h for the 3.36 J.I. slit. Generally the fountain pres urr 
calculations exhibit deviations from the experin1ental resul ts closely similar to 
those for corresponding heat flow calculations. Although in the regions of To ~ 
1.3°K and low Tl and of To > 2.0°l{ and high Tl the corrcspondence bct"'c(,11 
the observed Q and Pc is somewhat poorer, the caleulated fountain pl'e"sur('~ 
nevertheless are in quite good agrrcmcnt with the mrastll'rments. We h:t,,(, 
aIre-ady remarked (2) upon the low tempernture deyiat.ions allCl indieah·d th:tl 
the cause most probably does not il1\'oh 'e t llrbulcnee. The high temperatnrc 
de\'iations are cli."iClIssed in Section Y. 

The entire di:<cw;8ion thus far has hrr n haRed on tIl(' m;sumption that thc 
mutual friction force F.n (v. - vn) is resp()ll ~ihle for the obscrved nonlill ('al' 
effects and that ,..:ueh fon'('''': as Fs (v<) and F n (v n), \,'hi('h act on ra('h , 'clo(' it y 
field independently and whieh might hr induded in thc equations of motion () ) 
and (2), are nr~ligihle. The cOII ('lu"ioll \\'hi('h may he dra\,-n from thc rlat<l repn' ­
sen ted in Fig;. 6 indieutrs the validity of thi:; assumption as wrll as the appli · 

." ~.;.~ . ' "~ '" 

.' 
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(fA - 7'0) [or variouR valu('ti of the initial temperature 1' ,, ;" = 3.36 J1. ; solid curVPti: x = 

heat flow, Q; dashed curvps: x = fountain pre~:;ure, f'r . 

cability of Eq. (H), rf'latillg P r to q, ;1:; cll'tf'l'mincd U1 thf' cxpf'l'imf'llts IIIldel' 

considcr:! tioll . 
. Another \\·u:.' of ('omparillg thc ('haracter of I'r and that of Q is to ('Xamillc til(' 

~ l' (as a flln(,tioll of 'I'll) at \\·hit,h tllf' rxpf'rinlf'lltal points for I' r ami Q (iP\'iat(' 
from til(' linrar !)('ha\'ior (clel1otpd h~' ~Tc = 7\ - 'I'll) ' Fiv;mf' I shows thl' 
f(';;ults for thf' :{.:W ~ slit. For thf' f-'r I1WaSl\I'rl1lf'lIts it is «lIitf' ('\Pal' from Fi~ . I 
uf H that rrliahle ('s( imatp,.; of j. T .. lllay be macll' h~' \,isual ill,.;prd ioll of t hi' 
('urn's, Thr :;al1lf' is tmc for Q \\"11('11 To > l..-,oK (S('f' Fig. 7 of I); forT" < 

" 

q 

! . 

-I 

" , 
" 



,0 HAllMEL 

TO 

~---IJ4·t( 

~" .. ~ 
~03"~ 
=====-" .• ~ 
=.a---" .• ~ 
~-.. , ... ~ 
,---------1.90 KJ 
=-, .. ,J 
~'----'-,-, " .. J 
S 0.8 1.0 

I(T1-TOl 

ow and fountain pl"c~surc wit h I"Csp<'ct t (I 

Illced tcmpCr!ltlll"C par:tmcter ( 'I'I - T ")/ 
'mt ure T o: d = :l.:l(i Jl; ~olid curves: x = 
ure, P r . 

rtermined ill thr ('xpprimpnts und('r 

of Pc and that of Q is to pxtuninp tlw 
imrlltnl points for 1'( ulld Q dC'yiak 

'c = '1\ - 1'11). Figurr i "ho\\"s r1w 
Irements it is quite' drul' from Fi~. ~ 
)r madl' by visual inspl'1"t iOIl of tlw 

L;oK (::;ee Fig;. i of [); fol' I'll < 

" 

I'" 

t 
f 

t • 
i 
r 
f 

FLOW OF LIQl"ID HE II 91 

2.00 

350 \ .. ... E . 300 L50 .., 
~ 

.... 

= E 250 - 0 

~<.> 
~ 

<.> <l 200 LOO ICT 

150 "'-100 6 T.-----:-~ 0.50 

50 c .~ 

°u 
0 .. 0 

1.2 1.3 1.4 1.5 1.6 1.7 L8 1.9 2.0 2.1 Tl 

To OK 

FIG. 7" Critical temperature differe nce t.1'c = 1', - T o and corresponding critical heat 
("urrcnt density fi , as a function of initial temperature To ; d = 3.36 Jl. Solid circles: ')'1', 
as obtained from heat flow measurements; crosses: .'lTc as obtained from fountain pressure 
lIl<'asurements; curve for fie obtained frOIll smoothed .'IT, vs. To curve. 

L-)OK Ll Te has been taken as the inflection point jn the GLU've of Q YS. T1 . From 
Fig. 7 it is ~ren that yalues of LlTc as obtained from p( and Q ob::;en-atioll de­
h'rmine a single smooth curve as a fun ctioll of To. 

Sinre it appears that at t1Te the character of the flolI" j" modified , we tenta­
li\'ely designate thi" as the "critical" t:.T, and caltulatr the corre;;ponding critical 
IW:lt current den:;:it.y fie. The latter is also plotted in Fig. 7 for the :UW J.L slit. 
From the smooth c·un"e of fie 'os. 1'0 wc ma~- C'altulate the a ycragr ,"elocities of 
the two fluids at both the cold end (To) and hot rnd (1'1 ) of the slit from the 
rt"lations (3) and (.j). The same analysis hu;; been made for thc 2.1 :2 J.L slit and 
thr results for both channels are gi,"rll in Table Ill. Hrre the :mb:-;cript c indi­
'·atps :l critical ,·elacit.y and the ~ul)('r~c'ript;,; 1 ami 0 rrfer to thr hot and colc! 
t'lItl~ of the slit rp:"pcrtiypl:.' .. 1 dlli('u::,:::ion of C'rit.ical vplocitirs \\·ill be given ill 
:'('dioll Y; but it is intere,,;ting to point ont I)('re that v!.e i;; generally only :::Iight Iy 
)!r('ater than v~ .c, indic-ating t.hat. if 'i, .c i." till' appropriatp c'riti(·al velocity, the 
I'onditions of eriti("alit~" arc (\chiryrd along thp rntire slit length at. Yrry nearly a 
"inglc nllur of til(' ":Ilprrflllid \"r\ocity This uniformity or the sllprrfluid ,"e!o('ity 
along tIlE' slit prO\'idps somC' ml.ditional justification for thr type of critical \"l'\oc­
it~, Il:;cd in the caklliations. It i::; plallsihit' that :-;hollid C'riticality O('('llr at olle 
point of th(' t'lit turbulrll("C' would u,_, <TpatC'd \I·hieh \\"ould propagate along the 
j'ut irc slit., rathcr than the ('ouditioll \\"C' han' ('oll"id('rl'd of lo('al cl[uilihrium at 
,':\{"h point. , uwe V. \·ariC's but ;,;Iightl.\" :lIon).!: thr "lit thrse two approache!S are 
almost equint\cnt. 

I t may at fir~t :;(,('Ill con tradic·tory to derin' a (·rit i('al \'l'\o('ity from the meas-
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urements and at the same tilll(' to claim thr ob,.;elTatiolls arc fitted best by a 
throry which docs not inc'ludC' the t'l'itical wloeity, HOII'C'YC'r, the situation is 
not us inconsi:;trnt as it may apppar, As illdieatpd abO\'C', qc has bpen detcrminrd 
from the point of first perl'eptiblC' deviation of thC' ohsf'rvat.iolls from the lineal' 
theory; at thi;; point the call'ula tiOllS invoking the Gorter· ~ [ellink term \I'ith 
Vc = 0 lie generally about 5<';, belol\" the experimental data and the linear theor~·. 
From the man ncr in whic'h the observed points de\'iate from the linear theor~' 
it is rC'asonable to suppose that for q less than qr the C:orter·~rellillk term does 
lIOt play a ~ignifi('ant role, but that Ileal' qc the full mut.ual friction force begin,; 
to contribute. For wit.iC' "lit" Yinen has obsPI'yC'd a similar beha\'ior and has gin'l1 
u rath{'r detailC'd discussioll of it in relation to the possible existen('e of '·sub· 
critical" mutual fric:tion (/.9). 

In principle the procedure jut de":('I'ibed for' deri\'ing ('ritical \'elocities from 
the expcrimental data ought to bC' applil'able to the ('omputed ('urn's; and it 
should be possihle thC'reby to obtain graphically yalue,; of the "critical nloeit~,,, 
even though the thermohydrodynamieuL equations used in the calculation do 
not include critiml wloeity efrt'cts. When we attempt to do this, certain f\ualita.· 
ti\'e difTerellces bet\I'cell thc caleulutC't.i and experimental curves emerg(' ru thpr 
clearly: I\'hcreas in det.ail thr c\:pprimental results permit \'isualreeognition of a 
region in which the chamcter of flo II' is changing, from I"hieh one ma~' infPl' a 
critical yeloeity, t.he theoretical (,Ul'VC'S are subst.antially smoother and a nitical 
,'elocity docs not suggest ib.;;!'lf :>0 readily. (A comparison of cUr\'es a, d and tlw 
da,;hed line iu Fig. la illustrate this point nicely.) This is to say that although 
the throry reproduccs the major features of the {'xperimental results, it fails to 
reproduce the subtleties, Xe\'crthcless, \I'ith thc uid of reasonable arbitrar~' cri· 
teria we may ('ontinuc the exerei:;e, the results of whieh ure in .. tructi\·e and pe'r­
haps reflect upon an area in which the experimentalist may readily be led a tra~·. 

Our prescription for. comput.ing Vo from calculated Cllr\'es in \"hich no Vc i,. 
w;('d is as foUOIn;: For gi\'cn yulues of To, eun-es complltC'd \I'ith and without 
inelusion of the Gorter-~rcllink term are compared; the heat current corre­
sponding to some arbit.raril~' C'hosen de\'iation of the eun'es from each other, 
say :5%, is ddined as the "critical heut. current"; from this a "critical velocity" 
may 1)(' cakubtcci. U:-;inl!; thi~ prcs('ription results arc found in remarkably good 
agre!'ment with the' ('rit il':d yplocities detrrminrd from the expC'rimental ('lilT!''' 
for t{'mperatnrl'>( hPlow ahout l.8°1\:, Howe\'!'r, abo\'e l.8°1\: the' "critieal yclo(" 
ity" obtainrd in this mannC'r fall" tOII'ard zel'O, in contrast to thc obser\'(~d nllurs. 
t.hc'rehy pOilltillf!; lip the inad('quu('~' of our prC's('riptioll . Yet thc existence of thi,.: 
splll'ious "C'ritiral \'c1()('it~'" ('ritcrion may serve as a warning to thc exppri · 
lllC'ntali...;t that eal'(, I1ltl,;t 1)(' l'xC'l'cizt,cl ill illtprpJ'cting change'S in the dUlI'ader 
of the ~ollltions of tIll' flow pquation~ ill l'l'lation to ('hangl's in expf'rirnellially 
nwuslll'cd ([u:llltitip;;. 111 pa~"i\lg wc note that. the C'l'iterion usC'c\ abo\'e eti,;entiall,l' 
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e observations arc fitteu bcst by a 
velocity, lIowc\'e r, the situation is 
ated abo\"(~, qc has bC'en detcrminC'd 
of the obsC'ITa tions from the linear 
dng thc C:ortC'r- ~ [ell ink term \rit h 
'rimental data and thC' linear theory, 
ints de\'iate from thc lincar thC'or~' 
an qc the Corter-:\Iellink term does 
the full mut.ual friction force hegins 
\'C'd a similar bchm' ior and has giYel1 

to thc possible cxistence of "sub-

for deri\'ing ('ritical \'elocitics from 
Ie to the computed cun'cs; and it 

'ally \'alues of the "critical YClocity" 
Iua tions u cd in the eulculation do 
, attempt to do this, certain qualita-
experimental Clll'\'es emergC' rathC'r 

'esults pcrmit \'i:<ual !'('('ognition of a 
tnging, from whi!'h one may infer a 
iubstantially smoother and a c'ritieal 
A comparison of C'tllTCS a, d and thr 
licely,) This i;; to say that although 
i the cxperinH'lItal result, it. fails to 
I the aid of rC'u.'OlHtble arbitrary eri­
tit of which are illstructi\'c and per­
imentulist may rC'uuily be IC'd astru~', 

calculated ClLrn'::; ill \yhiC'h no Yc k: 
run'es computC'd with and without 
compared; th<' hC'at eunC'llt eorl'e-

tion of the eun'es from caeh othN. 
rent"; from this a "eriti('al \'(~Io e ity" 
'esults are found ill remarkably good 
mined from the eXI)('ril11<'ntal ('urn'" • 
\'cr, above 1.8°!\: the "eriti('al \'e!oc' , 
ro, in ('ontrast to th{' o\),,('f\'('d nt!uC'::" 
rcsniption. Yet thC' ('xislC'nc-c of thi" 
sen'e us :l. wuming to tIl<' cxp{'ri­

ntcrprC'tin~ t'ilanges ill thc dw radC'r 
elation to ('haugC's in cxperinH'ntally 
It the eritcrion ll~cd a\)o\'c C'ssentially 

t 
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n'qllires the term a d2q2 oC'C'uITing ill (:20) to bc of the order of a fcw pc("('C'nt and 
111:1 t tills criterion was ill fuc-t suggested earlier by London (20a) , This require­
IIWllt implie:; that Vc d is a function of tempcrature alone. :SuC'h n variation of Yc 

wit h :;Iit ::;ize has beC'n found to agree with some experiment;;; but this condition 
:d"o has only a limitcd range of appli('ahility and mu::;t be ton"idered spuriolls 
ItHI 

v, DISCCF:SfO:-; 

In the preeeding section we ha\'e demonstrated the rather remarkable result 
thaL a phcnomenological model of the thC'rmohydrodynami(; beha\'ior for liquid 
I i<' [I ('ontuining no adjustable parametC'r:; fits <,weedingly well the expcrimental 
d:lta obtained for bulk liquid as \\·ell as for liquid eonnned to yery narrow chan­
nl'll', oyer a wide tC'mperature range and for extreme tempcrature differences, 
It. L-. significant that to achieve this result it has not been lIecessary to resort to 
;tIlY detailed, mieroscopie picture toneeming the nature of turbulence in liquid 
IIC' II. On t.he other hand we haye noted se\'eml regions where nontrivial, sys­
t{'(lHl.tic deyiatiolls occur betwcen the measurements and the predictions of the 
theory, It is believed that at least some of these de\'iations hm'e their origin in 
l'ITerts associated \\'ith the nalTo\n1CSS of the channel \\'idths, and that cOllsidera, 
tion of a microscopic mod{'1 is at thi;; point required for a better understanding 
uf the situation, In particular, ome of the ideas deri\'cd from the Onsager­
Frynmn.n quantized vortex-line model appear to be pertinent and may be applied 
to the pre:;ent rcsults, 

On the assumpt.ion that the degencration of superfluidity in liquid He II 
nm1eS about from t.he creation of yortex motion in the superfluid, Vinen has 
interpreted the mutual fridion force in tcrms of the properties of elementary, 
quantized vortiees. According to "inen':; (21) description the Gorter-}Iellink 
l'oeffieient A. (T ) effecti\'ely de<;cribes the interactions bet\\·een the vortex lines, 
nH)\·ing with the superfluid, and the thermal excitations comprising the normal 
lIuid. A (T) is ealculable from the kinetic model subject to seyeral assumptions 
and restrictions, among whirh are two that are of importance when narrow 
"Ii[~ are con~idcred: (1) the turbulenC'e is assumcd to be homogeneous, requiring 
t hat the an>r<.1ge distante I between \'ortex lil1<'S is small C'omparrd to the smallest 
dimensions of the slit; and (2) thc dfeeti\'e \"is('olls penetration depth, 1/ 'A = 
:!'In ! pn (vn - v,) , :;hould he sm,lll eomparcci to the slit dimpnsions, 

The effed of these restric·tions \\'hen appli('d to the calculations for the 3,:3G !l 

"lit i indieated in Fig ... 1. Yalues of line spaeillg ill turbulent flow l ha\'e been 
ohtained aec-orC\ing to "inen's method from his graph of Iv. - vn l vs, T (Fig, 
I ()f rd. 21), It is seen that tiw \'i.-,;rous prnetration depth equals the :;Iit width 
at smallf'r rclati\·c \'cloc-ities than doC's thE' u\,('('age yortex line spacing, :;0 that 
ll\r !'('strirtion on the linC' ;;paeillg is the more stringent. ~inee l deereases as q 
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increases A (7') determined from bulk liquid mrasurrments may not he appl"O­
priate t,o thc small slits for any To at 10"- p()\\"(:'r inputs. For To less than about 
1.8°K thio.; is of lit.tle consellllcnce since in that rrgioll the experimental data indi­
cate that the ('ontrihlltion of the Gorter-:\]rllink term is negligibly small whl'll I 
is large, and brcomes apprrc'iable only ,,-hcn 1 < d; hO\\"cnr, for To ncar the' A 
point this term is important even for low power inputs. Hel1ce, a('cording til 
Vinen's theory, for thc simultaneous eonditions of To near Tx and low q we should 
expect to find poor agreement between theory and experin1ent, which is indc'cd 
the case_ Figure -1 also indicates the region in whic'h the Gorter-:\IeIlink trrl11 
become comparable to t·he linear term. Hence for the lnrger heat flows the for­
mer term dominates and the selection of the proper vnlues of A (T) beeome,.; 
more important in order to achieve a good fit in this region_ 

It should be pointed out that near the A point the vortex-line model as pl'rs­
ently den~loped certainly provides an inadequate description for the very com­
plicated situation of flo,\"ing liquid He II ; hence the abo\-e cOllsiderations, al­
though consi ·trnt "'ith the theory, probably do not describe thE' sole me('hani. m 
for deviatioll . near the A point. In sertion 1\' we have already mentioned another 
possible source of deviations, namely, t.he wlocity deprndence of the mutual 
friction foree, There are undoubtedly other:5. Furthermore, the above argumE'nt 
rests upon Yinen's assumption that the degrrc of turbulence in the fluid i" 
measured by the , 'elority at a vortex line due to the \'elocity field of a neighboring 
line which in tum is assumed to be proportional to the average relative yelorit~, 
of the two fluids. The validity of this treatment is open to question. 

Whereas it is rather reassuring that the results presented here are described 
so well by the vortex-line theory, it is to be noted that applieation of this model 
to the smaller slits (d < 10- 3 em) invoh'es c('l'tain additional difficulties, some 
aspects of which arc dis('ussed in the following: 

The values of thr pbenomenologieal parameter A (7') as given by Vinen are 
by no means generally' found by other worker:;, e\"("n for channE'l" with d > 10- 3 

cm. This situation is well summarized b~' Kramer:5 (22), to which may be added 
data given rpcrntly by Bre\\·er and Edward" (17). For d > 10- 3 em ,'alues of A ('1') 
from these other sourc·cs show the same trmpcrature dependE'llc-c as those of 
Vinen, but differ in magnitude by as mueh as a factor of ±2 01':3 (sec Table II ) ; 
for d < 10- 3 em some results sho\\' the Tel'el'Se telllperatlll'r depelldf'lLce. As al­
ready illdieated .-t (7') is considered to be descriptive for isotropic turbu\cl1(,p 
and independent. of ehannrl size, exc-ept prrhaps for "small" ehunl1r\s. Ru('h I'r­
strietions bcing rat-hl'r nlglle "'hen applird in praetiep to a gi,·en rxperimental 
arnll1gement , it, i:; flot nlways clear that thr rxp('riments are compatible with 
the 3~umpt.ions of the theory. With rpg:lrd to the rr>:ult" of I and II and thl' 
prrsent work ('on>:idcmble dIort has hren madr to aseertaill whether the theo ­
ret.ic'al a&:lImptions arr satisfird. From the disew;sion in RrC'tion II of this paper 
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0; power inputs. lIel1ee, according to 
irJIlS of To near '1\ and low q we should 
J~' and e.""pcriment, which is indeed 
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m'e for the larger hea t flows the for­
the proper values of .-L (T) becomes 
fit in this region. 
point the vortex·line model as pres­
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: hence the above considerati~ns al­
y do not describe the ;;ole mech3l;ism 
r we have already mentioned anothN 
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. noted that applieation of this model 
;.; .certain additional difii('ulties, some 
'\l1lg: 

meter A (T) as giv(,11 by "inen are 
;:er:;, en'n for ('hannrl;; with d > 10- 0 

ramers (22), to \\'hic-h max be added 
(17). Ford> 10- 0 em \'ah;esof.-L (T) 

temperature depend('llce as thoSf' of 
5 a factor of ±2 or;~ (St'e Table II) : 

nersc [clllpcrotllrp dependcnce . . -\s al­
deseriptin' for i::;otropi(' tl\l'bulenc-r 

rhap:; for "small" (·hannels. Such r(" 
in praetiee to a l!:in'lt ('xperim('utal 

h(' exprrimrnts art' compatible with 
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:llld the foregoing remarks about vortex line spacing it appears probable that 
til!' ronditions are propel'ly met, although the possibility ('annot be completely 
c:-':I'luded that our agreement with Yin('n's findings is partially fOl tuitous. Fur­
t hpr, the possibk inadequacy of the theory must be added to the list of uncer­
tainties hy taking note of the ,erious objections to the vortex-line model raised 
by Lin (23) as well as of the conC'lu::;ion by Townsend (2.f) that a satisfactory 
dc:-'rription of turbulence in thermal flow of liquid He II is not yct a\'ailable. 
Finally, no adequate accounting for wall-etfects has been given. 

\rhf'r<'Us there still remains considerable diwrgences in the \"arious experi­
Jllental measurements concerning the nature of turbulence once it i d I'eloped 
ill thc Ho\\" of liquid He II, there appears to bc rather more agreement with 
r('"pect to determining the point at which turbulence b('gins. This is not to say 
that the onset of turbulence at some critical I'elor.ity is Il'ell understood, nor that 
:<1I('h onset i experimentall:, clear-cut. But it is possible to correlate the critical 
,;uperfluid vc\oeities obtained from a variety of diff('rent types of experiments 
OI'er a range of eight de('ades of the characteristic geometric distance, ci, a '0-

(·iated \yith the apparatuses used. One such correlation has been gil'en by Atkins 
(2:i) for 'T = l.-!°K. It c-an be -hown that I'alues of v,.c at this temperature ob­
tained from the present work, shOll'll in Table III, are in good arcord with the 
results of other inwst igators as represented by .-\tkins' graph. 

On the other hand general agreement is not found experimentally for the man­
lier in which vs .c depends on temperature for a gil'en geometry. _llthough se\"­
I'ral in\"estigations, e.g. those of Staas et al. (26) and of \Yinkel et oL. (£7), 
indicate that for -! X 10- 0 cm < d < 2.6 X 10- 2 em v •. < passes through a maxi­
mum omel\"here between l..jOK and the), point, the preponderance of e\'idence 
suggests that. for tbis range of d, vs .c in('rease with rising temperature. Tbe lat­
ter behayior is demonstrated hy the measurements from Slits I and Ill' listed 
ill Table III. Because of the c-onfli(·ting experimental re:;ults noted aboye, it is 
not clear wbether v •. o becomes large or approaches zero at the A-point. In this 
mattcr, hO\l'el"er, some obselTations made with the smallest channel, Slit II 
(d = 0.28 }J.), may be helpful. As noted in the earlier papet·s (I and U ) no dis­
"ipation effects \\"ere el'ident from the experiments \I'ith Slit II, evcn at very 
large tem.peraturc diIYercncc:3; hcnt·(, it ha:; not becn po,,;:;ible to determine critieal 
vdocities for this sizc rhunnel. Ho\\'c\'er thc lowering of the A-point obsen'ed 
ill the fountain pr(':,~ure measurem('nts appeared to incli('ute a premature (with 
rp:pc(·t to temperature) c\('struetioll of superfluiclity which may be associated 
with large sup('rftuid I"Cloeities lwar the A-point. To explain the exprrin1ent.al 
rcsults an argument ('onsistent with th('se ideas as well as with tho::;c of the vortex 
model may he ('on"trudf'd :1" foIItH\">; : Xear T~ thc superfluid fract.ion becomes 
r-dati\"{'ly small and ill or-dt'r that lwat (·unellt.s of the order of O.;{ wutts 'cm~ 
(as calculat('d) be mnintuilll'd the superHuitl must flow rather rapidly (> 5 em, 
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TABLE III 

VALl"ES OF CRITICAL HEAT C{; RnE~T OB1\SITY <i.e A~J) COnnBSrUNUING FIX/u Vf;LOCITIE ,.,,, 

<i.e (watt 
. 0 .0 .1 ~I 
'I( Q,e V i ,e Vo .e ,, ~.c 

To(OK ) TI(OK ) em-2) (em sec- I) (em sec-I) (em sec-I) (em secl) 

Slit HI' 
d = 3.36 I' 

1.200 1.590 0.96 105 2.9 14.0 2.8 
l.·lO0 1.621 1.15 41.5 3.4 15.7 3.4 
1.600 1.711 1.58 23.5 4. i 15.2 4.9 
1.800 l.8,li 2.15 15 .0 6.8 12.8 7.2 
2.000 2.014 1.53 5.4 7.4 5.3 8.3 
2.100 2.106 0.84 2.2 6.6 2.1 6.8 

Slit I 
d = 2.12 I' 

1.400 1.787 2.30 83 6.7 16.8 7.3 
1.600 1.794 2.02 30 6.0 14.3 6.4 
1.800 1.871 1.61 11.3 5.1 8.9 5.7 
2.000 2.037 1. 93 6.9 9.5 6.1 10.9 
2.100 2.122 1.54 4.0 12 .0 3.7 15.3 

G The velocities given here are thl" absolutl" values averaged over the cross sect ion of the 
slit assuming laminar How. The maximum velocity in t hI" channel is then given as % till1(,~ 
the average velocity. The average relative velocit~· vr•e may be given by v •.• + ~ n ••• 

The superscripts 0 and 1 refer to velocities obtained at 1'0 and 7', , respectively . 

sec). Yortices formed a::; a result of the flo\\' are associated with the superfiuid 
and are essentially removed from partieipatioll in superflow. This effective de­
pletion of the superfluid fraction causes the remai)Jil1g superfluid to flow morr 
rapidly, thereby creating more yortices. The re:;ult is a sort of l"Ulluway pro('l'~~ 
which ends in the "self·destruction" of ::;uperfluidity through complete como!.'!". 
sion to vortex states. From this we \,"ould conclude that in small slits the critit:t! 
yelocity does not approach lero at 1\ but remains finite and that v. incre:lf:;('s 
until the superfluid state is suddenly destroyed by the vortex catastrophe. It 
is not clear at this time whether the same argument may be applied to the result ~ 
of Atkins et aZ. (28) and Seki and Dickson (29) who have observed the onset of 
superfluidity in isothermal flo,,' through channels with d < 10- 6 em to be :l t 
temperatures considerably below T/o.. • 

VI. COXCLl"::;!oX 

Although a numher of thermohyclrodynami('al :-;ets of equatiOllf:; ha\'e herll 
applied to the flow of liquid He II, no :;ill~l(' :;et ha:-; yet been con:;truded which 
completely dc"nihr!; the ob:;er\"ccl bl'hm-ior of thi~ quantum liquid. The tiro­
fluid equation::; ineludillg the Gorter·~Iellink mutual friction term as interpl'd( ·d 

l, 
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IJ 
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; ~ . . V~ .. V~ .. ~! .• 
I sec- I) (em sec- I) (em sec-I) (em secl) 

5 2.9 14.9 2.8 
)1.5 3..1 15 .7 3..4. 
3.5 4.7 15 .2 4.9 

15 .0 6.8 12 .8 7.2 
5..1 7.4 5.3 8.3 
2.2 6.6 2.1 6.8 

83 6.7 16.8 7.3 
30 6.0 14.3 6.! 
11.3 5.1 8.9 5_i 
6.9 9.5 6.1 10_9 
4.0 12 .0 3_7 15.3 

lues averaged over the cross ,ec tion of thr 
I)' in the channel is then given as ~2 time:: 
oeity v r •• may bc given by v •.• + ~ n •• . 

illed at 1'0 and 1\ , respecti,'ely. 
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e rE'sult is a sort of runaway process 

pet'fluidity thl'OlIgh complete com-('r­
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hannel ' with d < 10- 6 em to be at 

L'. ' lOX 
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(I II the basis of t,l1(' vorfC'x line model has been shown hy ot hers to reprC':ent 
r:11 her well most of the C'xperiment::l.l obsernlfion:-;. In t he present paper theRe 
"'Iuations ha\'e been applied to tlw How of H e II through narrow .. <lit", and hun 
l){,l'n tested o\,er a rangC' of temperaturc and pre:;sure gradient:; ;:ubstantially 
lal'),!;el' than hus be'en studied hitherto . Fllrthermore, n detaikd study has been 
m:lciP of the approximations made in arridll~ at :::o lutions of tilE' equations of 
mot-ioll as well as of the limitations implied by the \-o rtex line moc!E'i for super­
fluid turbulcnce. Wi thin thi frame\\'ork the agrC'ement found bet\\'een t heory 
and C'xperiment is generally quit.£' good. In addition the Gorter- :\Iellink mutual 
fr iction coefficient as determined by Vinen for large channels and ;;:mall tem­
pC'rature gradients has been found to he equall~' appropriat.e for narrow channel 
and large tempC'rature gradients ill those regions \\'here the vortex line model 
indieates it should be valid, and not elsewhere . It \\'olild thus appear that the 
I'quutions used here a re applicable over an exceptionally \vide range and are 
('apable of describing a broad spectrum of flow phenomena of superftuid helium. 
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